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APPLICATION OF FUZZY RELATION EQUATIONS TO ASSESSMENT OF ANALOGICAL PROBLEM SOLVING SKILLS

Abstract. Analogical reasoning is a very important part of the human cognition in general for creativity and scientific
discovery and in particular it is a very useful method for solving mathematical problems by retrieving from the memory similar
problems solved in the past and adapting their solutions for use with the target problem. On the other hand, the student
assessment is an essential task of Education, because, apart of being a social need and demand, it helps the instructors in designing
their future plans for a more effective teaching procedure. However, frequently an instructor is not sure about the exact grade
corresponding to each student’s performance. Therefore, the student assessment is characterized by a degree of vagueness and/or
uncertainty. Consequently, fuzzy logic, due to its property of characterizing the ambiguous real life situations with multiple values,
becomes a reach resource of assessment techniques to be applied in such vague cases. In this work fuzzy relation equations are
used as a tool for evaluating student analogical problem solving skills. The fuzzy relation equations are obtained by the
composition of binary fuzzy relations, which are fuzzy sets defined on the Cartesian product of two crisp sets. The compositions of
binary fuzzy relations are conveniently performed in terms of the membership matrices of them. The same elements of the
membership matrices are used in these compositions as would be used in the regular multiplication of matrices, but the product
and sum operations are here replaced with the min and max operations respectively. The notion of fuzzy relation equations was
first proposed by Sanchez in 1976 and later was further investigated by other researchers. A classroom application and other
suitable examples are also presented in this article illustrating our results. Further, the present work is connected to our earlier
research efforts on utilizing several other fuzzy Logic techniques as tools for the assessment of the student performance.

Keywords: Fuzzy Sets (FS), Fuzzy Binary Relations (FBR), Fuzzy Relation Equations (FRE), Analogical Reasoning (AR),
Analogical Problem Solving (APS), Student Assessment.

Problem formulation. The student assessment is a very important task of Education, because apart of being a social need
and demand it helps the instructors in designing their future plans for a more effective teaching procedure. When the student
performance is evaluated by numerical scores, the traditional method to assess the mean performance of a student class is the
calculation of the average of those scores. However, either for reasons of more elasticity or to comfort the teacher’s existing
uncertainty about the exact value of the numerical scores corresponding to each student’s performance, frequently in practice
the assessment is made not by numerical scores but by linguistic grades, like excellent, very good, good, etc. This involves a
degree of vagueness and makes the calculation of the mean value of grades impossible.

A popular in such cases method for evaluating the overall performance of a student class is the calculation of the Grade
Point Average (GPA) index (e.g. see [19], Chapter 6, p.125). GPA is a weighted average in which greater coefficients (weights) are
assigned to the higher grades, which means that it reflects not the mean, but the quality performance of a student class.

In an effort to evaluate the mean student performance in such vague assessment cases, we have used in earlier works
tools from Fuzzy Logic. More explicitly, representing a student class as a fuzzy set in the set of the linguistic grades assessing the
student performance, we calculated the existing in it probabilistic or possibilistic uncertainty (e.g. Chapter 5 of [19]). This
approach is based on the classical principle of Information Theory that the greater is the reduction of the existing uncertainty
following a student activity (e.g. test, problem-solving, learning a new subject matter, etc.), the more the new information
obtained by the class and therefore the better its performance. However, this method has two disadvantages: First it involves
laborious calculations and second it can be used for comparing the mean performance of two different classes only under the
assumption that they have been proved to have equivalent skills before the corresponding activity, a condition that frequently
does not hold in practice.

Motivated by those disadvantages, we have used in later works Triangular or Trapezoidal Fuzzy Numbers for assessing
the student mean performance (e.g. see Chapter 7 of [19]), a method that has been proved to be simpler and more accurate than
the calculation of the uncertainty.
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On the other hand, Subbotin et al. [12], based on a fuzzy model that we had developed in an earlier work for studying
the process of learning a subject matter in the classroom [17], they properly adapted the popular in fuzzy mathematics Centre of
Gravity defuzzification technique for evaluating the student quality performance. This model was later named as the Rectangular
Fuzzy Assessment Model, while Subbotin and his collaborators developed also several variations of it by changing the shape of
the graph of the corresponding membership function (e.g. see [13-16], Chapter 6 of [19], etc.)

Here a new approach will be developed involving the use of Fuzzy Relation Equations (FRE) for evaluating the student
Analogical Reasoning (AR) skills for solving mathematical problems. The rest of the paper is formulated as follows: A brief
account about the AR process is given in the second section. The third section contains the background from Fuzzy Binary
Relations (FBR) and FRE which is necessary for the understanding of the paper. In the fourth section the model that uses FRE for
studying the process of Analogical Problem Solving (APS) is developed, whereas in the fifth section a classroom application and
other suitable examples are presented illustrating our new assessment model. Finally, the sixth section is devoted to our
conclusion and to some hints for future research on the subject, whereas the problems used in our classroom application are
exposed in the Appendix at the end of the paper.

Analogical reasoning. Analogies are used for explaining concepts which cannot directly perceived (e.g. electricity in terms
of the water flow), in making predictions within domains, in communication and persuasion, etc. AR is a method of processing
information that compares the similarities between new and past understood concepts, then using these similarities to gain
understanding of the new concept. AR is important in general for creativity and scientific discovery. Within cognitive science
mental processes are likened to computer programs (e.g. neural networks) and such analogies serve as mental models to support
reasoning in new domains [4].

APS is the main mechanism of AR: When the solver is not sure of the appropriate procedure to solve a given problem
(target problem), a good hint would be to look for a similar problem solved in the past (source problem) and then try to adapt
the solution procedure of this problem for use with the target problem. However this strategy can be difficult to implement in
problem solving, because it requires the solver to attend to information other than the problem to be solved. Thus the solver
may come up empty-handed, either because he/she has not solved any similar problems in past, or because he/she fails to realize
the relevance of previous problems. But, even if an analogue is retrieved, the solver must know how to use it to determine the
solution procedure for the target problem.

Several studies ([2, 3, 6, 9, 18], etc.) have provided detailed models for the AR process based on APS, in which factors
associated with instances of successful transfer of knowledge are identified. According to these studies the main steps involved
in APS include:

e S;: Representation of the target problem.

e S,: Search-retrieval of a source problem

e S3: Mapping of the representations of the target and the source problem.

e S;: Adaptation of the solution of the source problem for use with the target problem.

More explicitly, before solvers working on a problem they usually construct a representation of it. A good representation
must include both the surface and the structural (abstract, solution relevant) features of the problem. The former are mainly
determined by what are the quantities involved in the problem and the latter by how these quantities are related to each other.
The features included in solver representations of the target problem are used as retrieval cues for a source problem in memory.
When the two problems share structural (solution relevant) but not surface features the source is called a remote analogue of
the target problem. Analogical mapping requires aligning the two situations, i.e. finding the correspondences between the
representations of the target and the source problem, and projecting inferences from the source to the target. Once the common
alignment and the candidate inferences have been discovered the analogy is evaluated. The last step involves the adaptation of
the solution of the analogous problem for use with the target problem, where the correspondences between objects and relations
of the two problems must be used.

The successful completion of the above process is referred as positive AR. But the search may also yield distracting
problems sharing surface but not structural common features with the target problem and therefore being only superficially
similar to it. Usually the reason for this is a non satisfactory representation of the target problem, containing only its salient
surface features, and the resulting consequences on the retrieval cues available for the search process. When a distracting
problem is considered as an analogue of the target, we speak about negative AR. This happens if a distracting problem is retrieved
as a source problem and the solver fails, through the mapping of the representations of the source and target problem, to realize
that the source cannot be considered as an analogue to the target problem.

Fuzzy relation equations. Let U be the universal set of the discourse. It is recalled that a Fuzzy Set (FS) Ain U is a set of
ordered pairs of the form

A ={(x, m(x)): xe U},

where m: U —> [0, 1] is the membership function defining A. The value m(x) is called the membership degree of x in A. The closer
is m(x) to 1, the better x satisfies the characteristic property of A. For example, if A is the FS of the old people of a city and
m(x) = 0.7, then x is a rather old inhabitant of the city, etc. For general facts on fuzzy sets we refer to the book [8].

Definition 1: Let X, Y be two crisp sets. Then a FBR R(X, Y) is a FS on the Cartesian product X x Y of the form:

R(X, Y) ={(r, mg(r): r=(x,y) € XxY},

where mg: XxY — [0, 1] is the corresponding membership function.

When X = {X1,......... Xnpand Y ={yi,......, ym}, then a FBR R(X, Y) can be represented by a n X m matrix of the form:

Yoo Ym
T PR
R=0 | . |=l
X r, r,
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where rij= mg(x; yj), withi=1,.., nandj=1,..., m. The matrix R is called the membership matrix of the fuzzy relation R(X, Y).
The basic ideas of fuzzy relations, which were introduced by Zadeh [20] and were further investigated by other
researchers, are extensively covered in the book [7].
Definition 2: Consider two FBR P(X, Y) and Q(Y, Z) with a common set Y. Then, the standard composition of these relations,
which is denoted by
P(X,Y) ©Q(Y, Z) produces a FBR R(X, Z) with membership function mg defined by:
MR(Xi, 2j) = 40 MIN [Me(xi, ¥), Maly, z)1, (1)

yer
for all i=1,...,n and all j=1,...,m. This composition is usually referred as max-min composition.

Compositions of FBR are conveniently performed in terms of the membership matrices of them. In fact, if P = [pi] and
Q=[q] are the membership matrices of the FBR P(X, Y) and Q(Y, Z) respectively, then by relation (1) we get that the membership
matrix of R(X, Y) = P(X, Y) ©Q(Y, 2) is the matrix R = [r;], with

r= Mkax min(pik’qkj) (2)
Example 1:
Yi Y2 V3 1 I I3 L4

y,(02 07 0 04

Ifp=%(02 04 08) jnq Q= y,[08 01 05 06 are the membership matrices of P(X, Y) and Q(Y, Z) respectively,
,| 0. . . .

X[ 01 05 1
x,(0.4 0.7 03 y,{1 03 02 09

then by relation (2) the membership matrix of R(X, Z) is the matrix
Z1 Z) Z3 Zy
R=poq=%(08 03 04 08
X| 1 03 05 09|
x(07 04 05 06
Observe that the same elements of P and Qare used in the calculation of mgras would be used in the regular multiplication
of matrices, but the product and sum operations are here replaced with the min and max operations respectively.
Definition 3: Consider the FBR P(X, Y), Q(Y, Z) and R(X, Z), defined on the sets, X ={xi:ie Nn},Y={yj:j eNm }, Z={zc: k
Ns}, where N¢={1,2,...,t}, for t = n, m, k, and let P=[pj;], Q=[qj] and R=[ri] be the membership matrices of P(X, Y), Q(Y, Z) and R(X,
Z) respectively. Assume that the above three relations constrain each other in such a way that

PoQ=R, (3)
where o denotes the max-min composition. This means that
M ?X min (pij, g jk ) = ik, (4)
je

for each i in N, and each k in Ns. Therefore the matrix equation (3) encompasses nXs simultaneous equations of the form (4).
When two of the components in each of the equations (4) are given and one is unknown, these equations are referred as FRE.

The notion of FRE was first proposed by Sanchez [11] and later was further investigated by other researchers [1, 5, 10].

A study of AR skills using FRE. Let us consider the crisp sets X = {M},

Y={A, B, C, D, F} and Z = {S3, S,, S3, Sa}, where M denotes the imaginary notion of the average student of a class,
A = Excellent, B = Very Good, C = Good, D = Fair and F = Failed are the linguistic grades used for the assessment of the student
performance and S;, i =1, 2, 3, 4 are the steps of the APS process.

Further, let n be the total number of students of a certain class and let n;be the numbers of students who obtained the
grade i assessing their performance, i € Y. Then one can represent the average student of the class asa FS on Y in the form

M={(i, Ni ):ie Y}
n
The FS M induces a FBR P(X, Y) with membership matrix

In an analogous way the average student of a class can be represented as a FS on Z in the form
M" ={(S;, m(S)): Sje Z},
where m: Z—> [0, 1] is the corresponding membership function. In this case the FS M’ induces a FBR R(X, Z) with membership
matrix
R = [m(S1) m(S2) m(Ss) m(Sa)].

We consider also the FBR Q(Y, Z) with membership matrix the 5X4 matrix

Q = [qj], where gjj = mq(i, j) with ie Y and je Z and the FRE encompassed by the matrix equation (3), i.e. by Po Q =R.

When the matrix Q is fixed and the row-matrix P is known, then the equation (3) has always a unique solution with respect
to R, which enables the representation of the average student of a class as a FS on the set of the steps of the MM process. This
is useful for the instructor for designing his/her future teaching plans.

On the contrary, when the matrices Q and R are known, then the equation (3) could have no solution or could have more
than one solution with respect to P, which makes the corresponding situation more complicated.

A classroom application and other examples. The new assessment model presented in the previous section will be
illustrated here with a classroom application on APS and two other examples.

The Classroom Application: The following experiment took place at the Graduate Technological Educational Institute of
Western Greece, in the city of Patras, with subjects a group of 60 students of the School of Technological Applications (future
engineers) being at their first term of studies. Three mathematical problems were given for solution to students on topics of their
first term course in mathematics. In each case and before receiving the target problem the students received two other problems
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together with their solution procedures. They read each problem and its solution procedure and then solved the problem
themselves using the given procedure. Subjects were allowed 10 minutes for each problem and they were not given the other
problem until after 10 minutes had elapsed. The first of these problems was a remote analogue to the target problem, while the
other was a distracting problem. Next the target problem was given and was asked from the students to try to solve it by adapting
the solution of one of the previous problems (time allowed 20 minutes). The problems given to students are listed in the Appendix
at the end of the paper. The results of the test are depicted in Table 1.
According to those results the average student M of the class can be represented as a fuzzy seton Y = {A, B, C, D, F} by
M={A, 20),(8, 15),(c, 7 ), (D, 20),(F, 8 )}
60 60 60 60 60
~ {(A, 0.33), (B, 0.25), (C, 0.12), (D, 0.17), (F, 0.13)}
Thus M induces a binary fuzzy relation P(X, Y), where X = {M}, with membership matrix P = [0.33 0.25 0.12 0.17 0.13].

Table 1.
Student Performance
Grade No. Of Students
A 20
B 15
C 7
D 10
F 8
Total 60

Also, using statistical data of the last five academic years about the APS skills of the students of the School of Technological
Applications of the Graduate Technological Educational Institute of Western Greece, we fixed the membership matrix Q of the
binary fuzzy relation Q(Y, Z), where Z = {S1, S,, S3, Sa}, in the form:

S1 S2 S3 Sa
A(07 05 03 0
B|04 06 03 0.1

Q=C|02 07 06 0.2
D|0.1 05 0.7 05
FL0O 01 05 08

The statistical data used to form the matrix Q were collected by the instructor who was inspecting the student reactions
during the solution of several problems in the classroom with the method of AR..

Next, using the max-min composition of FBR one finds that the membership matrix of R(X, Z) = P(X, Y) o Q (Y, Z) is equal
to

R=Po0oQ=[0.330.330.30.17].
Therefore the average student of the class can be expressed as a fuzzy set on Z by
M’ = {(Ss, 0.33), (S2, 0.33), (S3, 0.3), (S4, 0.17)}.
The conclusions obtained from the above expression of M" are the following:
e Only the 1 of the students constructed good representations of the target problems.
3

o All the above students were able to retrieve source problems and almost all of them mapped the representations of
the target and the source problems.

e On the contrary, half of the above students failed to adapt the solution of the source for solving the target problems.

The first conclusion was not surprising at all, since the majority of the students have the wrong habit to start studying the
material of their courses the last month before the final exams. On the other hand, the second conclusion shows that the
instructor’s teaching procedure of AR was in a degree successful enabling the diligent students to retrieve source problems from
their memories and to map the representations of the target and the source problems. Finally, the last conclusion is due to the
fact that many of those students, being inexperienced, failed through the mapping of the representations of the source and target
problem to realize that the selected source cannot be considered as an analogue to the target problem (negative AR) Therefore,
it is very useful for the instructor to emphasize during his/her lectures the importance of mapping for APS for controlling the
fitness of the source problem.

Let us now consider the case where the membership matrices Q and R are known and we want to determine the matrix
P representing the average student of the class as a fuzzy set on Y. This is a complicated case because we may have more than
one solution or no solution at all. The following two examples illustrate this situation:

Example 2: Consider the membership matrices Q and R of the previous application and set P = [p1 p2 p3 pa ps].

Then the matrix equation P o Q = R encompasses the following equations:

max {min (p1,0.7), min (p2,0.4), min (p3,0.2), min (p4,0.1), min(ps, 0)}= 0.33

max {min (p1,0.5), min (p2,0.6), min (p3,0.7), min (p4,0.5), min(ps, 0.1)}= 0.33

max {min (p1,0.3), min (p2,0.3), min (ps,0.6), min (ps,0.7), min(ps, 0.5)}= 0.3

max {min (p1,0), min (p,0.1), min (p3,0.2), min (p4, 0.5), min(ps, 0.8)}= 0.17

The first of the above equations is true if, and only if, p1 = 0.33 or p; = 0.33, values that satisfy the second and third
equations as well. Also, the fourth equation is true if, and only if, p3 = 0.17 or ps = 0.17 or ps = 0.17. Therefore, any combination
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of values of pi, p2, P3, P4, Psin [0, 1] such that p; = 0.33 or p, = 0.33 and p3 = 0.17 or ps = 0.17 or ps = 0.17 is a solution of
PoQ=R.
Let S(Q, R) ={P: P o Q =R } be the set of all solutions of P o Q = R. Then one can define a partial ordering on S(Q, R) by
PSP < pilp, V=123, 4,5.

It is well established that whenever S(Q, R) is a non empty set, it always contains a uniqgue maximum solution and it may
contain several minimal solutions [11]. It is further known that S(Q, R) is fully characterized by the maximum and minimal
solutions in the sense that all its other elements are between the maximal and each of the minimal solutions [11]. A method of
determining the maximal and minimal solutions of P o Q = R with respect to P has been developed in [5].

Example 3: Let Q = [q;],i=1,2,3,4,5and j=1, 2, 3, 4 be as in Example 2 and let R = [1 0.33 0.3 0.17]. Then the first
equation encompassed by the matrix equation P o Q =R is max {min (p1,0.7), min (pz,0.4), min (ps3,0.2), min (p4,0.1), (ps, 0)}= 1.

In this case it is easy to observe that the above equation has no solution with respect to p1, p2, ps, pPs, ps, therefore
P 0 Q =R has no solution with respect to P.

In general, writing R = {r1 r; r3 r4}, it becomes evident that we have no solution if max q;<rj.

J

Conclusion. In the present article we used FRE for assessing student APS skills. In this way we have managed to express
the “average student” of a class as a FS on the set of the steps of the AR process, which gives valuable information to the instructor
for designing his/her future teaching plans. On the contrary, we have realized that the problem of representing the “average
student” of a class as a fuzzy set on the set of the linguistic grades characterizing his performance using FRE is complicated, since
it may have more than one solutions or no solution at all.

In general, the use of FRE looks as being a powerful assessment method. Therefore our future research plans on the
subject will be oriented to the effort of using FRE for evaluating other human or computer activities (apart from AR), like learning,
sports and spiritual games, decision-making, , case-based reasoning, etc.

Appendix. The problems of the classroom application

CASE 1

Target problem: A box contains 8 balls numbered from 1 to 8. One makes three successive drawings, putting back the
corresponding ball to the box before the next drawing. Find the probability of getting all the balls drawing out of the box different
to each other.

Solution: The probability is equal to the quotient of the total number of the ordered samples of 3 objects from 8
(favourable outcomes) to the total number of the corresponding samples with replacement (possible outcomes).

Remote analogue: How many numbers of 2 digits can be formed by using the digits from 1 to 6 and how many of them
have their digits different?

Solution procedure given to the students: Find the total number of the ordered samples of 2 objects from 6 with and
without replacement respectively.

Distracting problem: A box contains 3 white, 4 blue and 6 black balls. If we draw out 2 balls, what is the probability to be
of the same colour?

Solution procedure given to the students: The number of all favourable outcomes is equal to the sum of the total number
of combinations of 3, 4 and 6 objects taken 2 at each time respectively, while the number of all possible outcomes is equal to the
total number of combinations of 13 objects taken 2 at each time.

CASE 2
Target problem: Consider the matrices:
. 0 -4 -4

1 -a -a i
A=|0 1 -4|andB-= 0 0 -a

0 0 1 0 0 O
Prove that A"= A + (n-1)(B + ” B), for every positive integer n. -

2

Solution: Since A=I+B, where | stands for the unitary 3X3 matrix, and B3 =0, is A"=(I+B)"=l+nB+n(n—1)B2 =

2
=A+(n -1)B+n(n—1) B = A+(n-1)(B+" B) .
2 2

n

n
Remote analogue: Let o be a nonzero real number. Prove that a” :Z[ij(a =D" forall positive integers n.
i=0

s KA
Solution procedure given to the students: Write a = 1+(a-1) and apply the Newton’s formula (x+b)"= 2[1}‘ b, setting
i=0

x=1 and b=a-1.
Distracting problem: If A and B are as in the target problem, calculate (A+B)2. -
Solution procedure given to the students: Operate the corresponding calculations.
CASE 3
Target problem: The price of sale of a good depends upon its total demand Q and it is given by P(Q) =% Q-50, while the

cost of production of the good is given by C(Q)= 1 Q2 +35Q+25. Find the quantity Q of the good’s total demand maximizing the
4

profit from sale.-
Solution: The revenue from sale is equal to P(Q)Q and therefore the profit from sale is given by K(Q) = P(Q)Q-C(Q). The
maximum of function K(Q) is calculated by using the derivatives.
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Remote analogue: A car is entering in a road having initial speed 50 Km/h, which is changed according to the relation
U(t)=3t2-12t+50, where t represents the time (in minutes) during which the car is moving on this road. Find the minimal speed of
the car on this road.

Solution procedure given to the students: Calculate the minimum of the function U(t) with the help of the derivatives.

Distracting problem: The price of sale of a good depends upon its total demand Q and it is given by P(Q)=25-Q2. The price
is finally fixed to 9 monetary units and therefore the consumers who would be planning to pay more than this price benefit. Find
the total benefit to consumers.

Solution procedure given to the students: For P=9 and since Q=0, it turns out that Q=4.metric units. Drawing the graph of

4

the function P(Q) (parabola) it is easy to observe that the total benefit to consumers is equal to IP(Q)dQ - 4.9 monetary units.
0
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3ACTOCYBAHHA PIBHAHb HEYITKMX BIAHOLLEHb A0 OLUIHKM YMIHb PO3B’A3YBATU AHANIOTIYHI 3AAAMI
Maiikn lp. Bockoany
Buwuli mexHosnoeiyHuli ocsimHiti iHcmumym 3axidHoi Mpeuii, Mampac, Mpeuis

AHOomayisa. AHano2i4Hi MipKy8aHHA 8ax(aAU8BI 83a2ai 077 MEOPHOCMI MA HAYKO8020 8iOKpUMMA, [, 30KpemMa, ye Oyxe
KopucHuli crnoci6 po38’A3y8aHHA MaMeMamuy4HUX 30004 WAAXOM 3HAXOO0MEHHA y nam'ami aHan02iyHUx 3aday, wo
p038°A3y8asuca 8 MUHysA0My, ma adanmadii ix po3e’sa3aHb 0o 0aHoi 3a0adyi. 3 iHWo20 6OKY, OUiHIOBAHHA CMYOeHMA € 8AXUBOI
3a0a4ero 0csimu, OCKiflbKU 80HO € HE MifbKU COYiasnbHO 8UMO20t0 ma nompeboto, a i donomazae iHcmpykmopam y po3pobuyi
malibymHix naaHie w000 binbw epekmueHoi MemoduKU HABYAHHA. [Tpome Yacmo iHCMmpyKmop He enesHeHuli y moYyHomy
OYiHI0BAHHI, fKe 8i0nosidae KoXtHoMy cmyodeHmy. ToMy OYiHIO8AHHA CMyO0eHma Xapakmepu3yemoCa cmyrneHem Hedimkocmi ma
/ abo HesusHaueHocmi. Omyce, Hevyimka s02ika, 0bymoseneHi ii enacmueicmio Xapakmepusyeamu HEoOHO3HAYHI PearnbHi
ummesi cumyauii 3 KifbKOMa 3HAQYEHHAMU, CMae OOCMYMHUM pPecypcom OUiHKU, AKuli cnid 3acmocosysamu 8 MaKux
HesU3Ha4YeHUX 8unaoKax.

Y Oanili pobomi suKkopucmosyromoscs PiHAHHA HEYimKUX 8iOHOWEHb AK IHCMPYMeHmM OUiHKU YyMiHb po38 A3ysamu
aHasnoeiYHi 3a0a4i cmyoeHmamu. PisHAHHA HEYimKoi 8i0HOWeEHb OMPUMYHOMbCA AK KOMMO3uyis biHAPHUX HeYimKux 8iOHOWEH®b,
AKI € HeYIMKUMU MHOXCUHAMU, 8U3HA4YeHUMU OeKkapmosum 006ymKom 080X YimKUX MHOXCUH. Komno3uyii 6iHapHUX HeyimKux
8IOHOWEHb 3PY4HO NPedcmasasmu 8 mepmiHax Mampuyb ix YaeHis. Y 4ux KOMIo3uyisgx 8UKOPUCMO8YHOMbCA Mi cami enemeHmu
Mampuyb 4aeHis, AKi 6y0yme 8UKOPUCMOBY8AMUCA NPU pe2yaapHOMY MHOMCEHHI Mampuyb, npome onepauii 30bymxky ma cymu
3aMIHIOIOMbCA Mym 0NepayisMmu 3HAX00HEeHHA MIHIMYMa ma Makcumyma 8idnoesioHo. MMoHAMMSA pieHAHbL HeYimKux 8iOHOWeHb
byno enepwe 3anponoHosaHo CaHyecom y 1976 poui, a ni3Hiwe 00cnioHy8anocs i iHWumu 00CAiOHUKamMU.

3acmocy8aHHA HA YPOKAx ma iHWi 8i0nosioHi Mpukaadu makoxc npedcmasaeHi y cmammi, Wo inocmpye pesynemamu
asmopa. Takox 0aHa poboma o8 'a3aHa 3 HaWUMU ronepeodHiMuU 00CNIOHEHHAMU 3 BUKOPUCMAHHAM OEKiNbKOX iHWUX Memoois
HeyYimKoi n102iku AK iHcmpymeHmie 017 OyiHIO8AHHA cmydeHmis.

Knrouoei cnoea: HevimKi MHOMUHU, Hedyimki 6iHapHi 8i0HOWeHHS, PiBHAHHA HEYiMKUX 8i0HOWEHb, AHA/A02iYHI
MIPKYBAHHSA, pewieHue aHano02i4HUX 3a0ay, OYyeHKa cmyoeHmoe.
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