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METOAUYHI OCOB/IMBOCTI HABYAHHA FTEOMETPI NIOBAYEBCbKOIO TA PIMAHA

AHomauia. ¥ cmammi po32aaHymo mMemoOuyHi ocobausocmi HABYAHHA CMyOeHmis MamemamuyHUX
cneuiansHocmeli nedazozidHuUx sy3is 2inepboniyHoi ceomempii /lobayescbko2o ma eninmuy4Hoi 2eomempii PimaHa,
AKI susyaromeca y Kypci «[lpoekmugHoi 2eomempii ma ocHoe eeomempii» 3 mMemoto 2aubwo2o PO3yMiHHA
malbymHimu s4umenamu CmpyKkmypu 2eoMempuyHOi HayKU 8 UinoMy ma He3anexHocmi so2iyHoi nobydosu
2eomempii 8i0 eeomempuyHoi HaoyHocmi. HagedeHo 0CHOBHI MOHAMMS, 8iOHOWEHHA Mma Mmodeni yux 2eomempiti.
lMpoaHanizoeaHo OesKi KAw4osi hakmu HeegKnidosux 2eomempili ma NoOAHO NMopieHANbHY MabAUYO OCHOBHUX
meepoxceHs, Wo 0aE 3M02y 8CMAHOBUMU CRinbHI Ma 8iOMIHHI pucu yux ceomempili, i , 8ionogioHo, ceomempii
EgKnida. BudineHo memoOu MopieHAHHA ma aHanozii AK Halibinbw egpekmusHi memoou HaB4YaHHA eeomempili
Jlobavescbko20 ma PimaHa. 3anponoHOBAHO BUKOPUCMAHHA iHGhopmayiliHux mexHosnoeaili 3 memoro demoHcmpauii
pi3HOMAHIMHuUx modeneli HeesKknidosux 2eoMmempili ma nopisHAHHA Halinpocmiwux NOHAMb, crigsidoHoweHs Ma
meepoxceHb ceomempili EsKnida, /lTobayescbko2o ma PimaHa.

Knawuoei cnoea: ceomempii /lobayescbkoeo ma PimaHa, modesni HeesKnidosux eseomempill, esknidosa
2eomempisi, NopieHANbHA MAbAUUA.

NoctaHoBKa npobnemu. 3micT HeeBKNiQOBWX reoMeTpili nonarae B TOMYy, WO B reomeTpii MOXHa
BigmoBMTUCS Big, V mocTynaty. Hanpuknag, 3amiHUTK MOro NPOTUAEKHUM 3a 3micToM. He 3BepTarouM yBarm Ha
0YEBMAHY HEMPaBUAbHICTb TAaKOr0 MPUNYLLEHHA, 3 HbOTO MOXHA BMBOAUTU HACNiAKW, AOBOAUTU TEOPEMU, He
OTPMMYIOUM NOTIYHOT cynepeyHocTi. Mpu upbomy Harato Teopem Ujei reomeTpii we y 6inbwiii mipi, HiXX BUxigHe
NPUNYLLEHHA, BUTALAI0Tb 3 HA0YHOT TOYKM 30pY HEBipHMMU. OAHaK NOMYHUIM BUKAAA, 3a/IMLLAETLCA AOCKOHA/IMM.

Lis obcTaBMHa NOKa3ye He3aneXHiCTb N0riYHOi Nobya0BU reomeTpii Big reomeTpmuyHoi Hao4YHOCTi. Kpim Toro,
NPUPOAHO BMHWUKAE 3aNUTaHHA: AKA reoMeTpia cnpasesuBa y matepiasbHoMy cBiTi? Lle nutaHHA npuBoauTb A0
andepeHuiauii reomeTpii AK Ppi3nKM Ta reomeTpii AK maTemaTUKK. JOKK icHyBana nvwe ogHa eBKAi4oBa reomeTpis,
TO BBaXKa/u, WO B NPUPOAj BUKOHYETLCA cCaMe BOHA. AIKOM L0 TOUKY He nogonanu, To byna 6 HEMOXKAMBO NOABa
Teopii BigHOCHOCTI.

AKWO reomeTpilo po3rnAfaTM AK BYEHHA NPO MNPOTAMHICTb pPeasibHOro CBiTy, TO MaTemaTuKa MOXKe
3aMponoHyBaTW A1 LbOro PisHOMaHITHI cxemu [1].

3HaHHA Aulie eBKANiJoBoi reometpii AocTaTHbO OBMeEKYe Mornsg Ha reomeTpito MalbyTHbOro BUUTENS
maTemaTuKK. BonoaiHHA ocHoBamu rinepboniuHoi reomeTpii J/lTobaueBCbKOro Ta eninTuYHoi reomeTpii PimaHa gactb
MOXUBICTb MAaMBYTHIM BUMTENAM KPaLLLEe 3PO3YMITU CTPYKTYPY FEOMETPUYHOI HayKM B LLiIoMy Ta 403BOAUTL A0bpe
OpPIiEHTYBATMCA Yy PISHOMAHITHOMY reOMETPUYHOMY MaTepiani.

AHaniz aktyanbHUX pocnipgKeHb. Ha nouvaTtky XIX cTONiTTA MaTemaTuKa 3moraa AaTu BignosiAb Ha
3anuTaHHA NpPO Te, UM MOXKAMBO MObyAyBaTWM NOFYHO MOCNIAOBHY, 6€3 BHYTPILWHIX CynepeyHocTel, cucTemy
reometpii, Aka 6 He BMKOPWUCTOBYBasia aKCioMW MpPO napanesni i gonyckana 6 icHyBaHHA ABOX Pi3HWUX FPAHUYHMX
npamux, To6To ABOX napasnenein Ao 3afaHoi nNpsmoi. Mayc neplwnii BigKPMB iCHYBAaHHA HeEBKiLOBOI reomeTpii.
OpgHak nepuwi onybnikoBaHi pob0oTM Hanucanu pociicbkuii reometp Jlobauyescbkuin (1829) Ta YropcbKuit
maTemaTuk bosi (1832). BoHM 060€ 3HaANLLAK Lj pe3ybTaTu He3aNexHo OAMH Big oQHOrO.
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CyTTEBO HOBWI HanNpsAMm AaB UMM NUTaHHAM PiMaH Ha no4aTtky Agpyroi nonosuHu XIX ctonitra. PimaH BBaXKae
NnpocTip /Mwe HeobmeXXeHUM, a He HeCKiHYeHHMM. Toai npsma CTae 3aMKHEHOM NiHIE, Ha AKIN TOYKM
pO3TalOBaHi Tak, AK Ha Koi. Y reomeTpii PimaHa B3arani He iCHYe NapanefibHUX NpAMUX A0 3adaHoi npamoi [1].

Y poborti H.B. LWWanosanosoi, /1./1. MaH4yeHKo [5] npoaHanizoBaHO 0CcO6AMBOCTI HaBYaHHA rinepboaiYyHol
reomeTpii B8 npoueci BUMBYEHHA aucumnaiHn «OCHOBM reomeTpii». Y CTaTTi 3anpOMOHOBAHO BWMKOPUCTAHHA
nopiBHANbHOrO aHanisy ¢dakTtiB reometpii JlTobayeBcbKkoro Ta EBKAiga AK 04HOrO 3 MeTOAiB HaBYaHHA. TAKOXK y
pob6oTtax H.B. LLanosanosoi Ta J1./1. [NaHYEHKO PO3rNAAalTbCA OCHOBHI METOAMYHI aCNEKTU HABYAHHA eNinTUYHOI,
chepunyHOi reoMeTpilt CTYAEHTIB MaTeMaTUYHUX CrelianbHOCTelN NeaaroriyHux Bysis.

Jocnif)KeHHAM HeeBKNifoBMX reomeTpin 3amanuca &. KnerH, [O. Tinbbept, E. bBbenbTpami,
A. [l. AnekcaHapos, H. B. E¢imos, B. H. boposuk, B. M. ikoBeLb Ta iHLi.

Y AaHii cTaTTi po3rnsHyTO MEeToANYHI 0cO6/IMBOCTIi HaBYaHHA HEEBK/ILOBUX reomeTpiit JlTobayeBCbKOro Ta
PimaHa Ta nogaHo nopisHANbHY TabnumLto aAeAakux GpaKTis LUX reomeTpii.

MeTolo cTaTTi € PO3KPUTTA €TaniB Ta METOANYHMX 0COBNMBOCTEN HaBYAHHA reomeTpiit JlobayeBcbKOro Ta
PimaHa nig yac BMBYEHHA cTyaeHTamu Kypcy «lpoeKTMBHa reomeTpia Ta OCHOBM reomeTpii». Y CTaTTi NOAAETbCA
nopiBHANbHA TabanuA, y AKIN HABOAMTLCA NNLLE HEBE/IMKA YacTMHA (aKTiB HEEBK/ILOBUX rEOMETPIN, O4HAK yKe
3aBAAKM IM MOXKHA cPopmyBaTU Yy CTYAEHTIB MOYATKOBI YABAEHHS MNPO CMifbHI Ta BigMIHHI puUcCKM reomeTpin
No6auescbkoro Ta PimaHa, i, BianosigHo, reomeTpii EBKniga.

BuKknag OCHOBHOro matepiany. 3HalloOMCTBO CTYZAEHTIB NeAaroriyHmnx By3iB i3 reomeTpiamu JlobayeBcbKoro
Ta PimaHa BigbyBaeTbcs Nig Yac BUBYEHHA Kypcy «[pOeKTMBHa reoMeTpis Ta OCHOBM reoMeTpii». Jeaki ¢akTn unx
reomeTpin BUOATLCA CTYAEHTaM HaA3BMYAMHO AMBHMMM Ta Cynepeyatb iXHbOMY HAOYHOMY ysBAeHH. OgHaK
HEeEeBKiA0Bi reoMeTpii TeXX MOXKYTb 3HANTU MPAKTUYHE 3aCTOCYBAHHA.

BuByeHHA aeakux ¢akTiB reomeTpii JToba4eBCbKOro PO3MOYMHAETLCA 3 BMBYEHHA CUCTEMW aKCiOM, AKa
BiApI3HAETbLCA Bif, cucTeMM aKciom EBKAiaa nnwe akciomoto Npo napaneni. Ockinbku Ak B reomeTpii EBKAiga, Tak i B
reomeTpii J1o6a4eBCbKOro OCHOBHI NMOHATTA Ta BiAHOLEHHA € OAHAKOBMMM, TO OAHAKOBMMM ByayTb i TeopemMu, aKi
€ Hacnigkamu cninbHUX akciom. Lli reomeTpii BigpisHATUMYTbCA TUMKM Teopemamu, AKi A0BOJATbCA HA OCHOBI
AKCiOM napanenbHocTi.

3a cBoim 3micTOM akcioma J/1o6ayeBCbKOro € 3anepeyeHHsM akciomm napanenbHocTi EBKiaa.

Akcioma JlobayescbKko20. Yepe3 TOUKY, AKa He NEXUTb Ha NPAMIA, MOXHa npoBecTn binblie, HiXX ogHY
npAmy, AKa He NepeTUHaE 3a4aHoi.

MAowmHy, Ha AKil BUKOHYETbCA akcioma JTobaueBCbKOro, Ha3nBaTb MI0WUHO /Toba4yescbKo2o.

BesnocepegHbo 3 akciomu J106a4eBCbKOrO BMMJIMBAE, LLO Yepe3 TOYUKY, SIKA He NEeXUTb Ha NpAmIn,
npoxoauTb 6e3niy NpAMMX, AKi He NepeTMHalTb 3a4aHO0i NPAMOI.

[na rnmbworo po3ymiHHA CTyaeHTaM BapTo HaBecTM Xoda 6 oAHy 3 mojenel, Ha fAKili BUKOHYETbCA LeW
noctynat JlobauescobKkoro. s npuknaay, mogenb KneiHa.

Hexai 3agaHO Kpyr, TOMKM Ha Mexi SIKoro BUKoeHi. Hexal 3agaHo npamy 1, yepes Touky C npoBeaemo
npsamy 2 (puc. 1). Mpami 1i 2 — nepetnHatoTbea. Mpami 1i 3 — He NnepeTUHalOTLCA. BOHU HAa3UBAOTLCA PO3BIHHUMU.
Mpsami n i m — rpaHuYHi. BoHW y reomeTpii JTo6aueBCbKOrO HAa3MBaOTLCA NPAMUMM, NaApanensHUMU o npamoi 1.
OTXe, B OAHil Napi BepTUKaNbHUX KYTiB (AKi MicTATb NpAMY 3), yTBOPEHUX NPAMUMUK N i M, € 6e31i4 NPAMUX, WO He
nepetuHatoTb npamy 1 [6].

Puc. 1.

TaKoX B eBK/i4OBOMY NPOCTOPi € Taka NOBEPXHA AK NceBaocdepa, BHYTPILLHA reomeTpia AKoi chiBnagae 3
reomeTpieto Ha NaoWwmHi JlTobayeBcbKoro.

MNepes, BTAHOBNEHHSAM CMiIbBHUX Ta BiAMIHHMX pucC rinep6onivyHOT Ta eninTMYHOT reomeTpiin pos3rnaHemo
OCHOBHIi NOHATTA i BigHOLWEHHA y reomeTpii PimaHa.

Po3rnaHemo foBinbHy cdepy s eBkaigosoro npoctopy. KoxHy napy AiameTpanbHO NPOTUAEKHUX TOUOK L€l
cbepn b6yaemo HasuBaTU «TO4YKOlO». Toai HEeBKNiAOBOKH MN/OWMHOK PiMaHa Ha3MBaTMMEMO MHOMWHY nap
AiaMeTpanbHO NPOTUNEKHMX TOYOK. KoXKHe BennKe Koo chepu s byaemo HasmeaTu «npamoto». O4eBUaHO, Lo Y
reomeTpii PimaHa 6yab-sKi 4Bi NpAMI NNOWMHU MepemuHaromscs.
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[na Toro, Wwob oxapaKTepusyBaTh B3aEMHE PO3MILLEHHA TOYOK Ha eNiNTUYHIA NPAMIN, AKA € 3aMKHEHOIO,
BBOAMTbCA MOHATTA «PO34iIEeHOCTI ABOX Nap TOYOK». Hexal 3aa4aH0 YoTUpM pi3Hi Toukn A, B, Ci D (pwuc. 2). Toukun A
i B po34inaoTb NpAMY Ha 2 pi3Hi YaCcTUHKU. KaxyTb, WO napa To4YoK A, B po3ginae napy Touok C, D, aKwo Toukn Ci D
HanexKaTb Pi3HWMM YacTMHaMm i napa A, B He po3ginse C, D, akwo Ci D HanexaTb 0AHiM YacTuHi [2].

C

Puc. 2.

[ani ctyaeHTam HaBOAMTBLCA aKCiOMATMKA eninTUYHOI reomeTpii Ha naowmHi. Cuctema akciom reomeTtpii
PiMaHa CK/1Iafa€eTbCA 3 HOTMPLOX rpyn: 1) akciomMun HanexHoCTi; 2) akciomMun NOPAAKY; 3) aKCIOMU KOHTPYEHTHOCTI; 4)
akcioma HenepepsHocTi JepekiHaa.
Oeski GakTM HeeBKNigOBUX reomeTpiit NodaHo y NopiBHANbHIA Tabauui 1 [2-4]. Kpim Toro, iHbopmaLiiiHi
TEXHO/Ori Aal0Tb MOXK/MBICTb HAOUYHOI AEMOHCTPaLii NneBHMX TBepArKeHb. O4eBMAHO, WO HaBeAeHi ¢akTU He
[Aal0Tb 3MOMM ONUCATKM YCIO «Kpacy» Ta NOBHOTY reoMeTpii JlobauescbKoro Ta PimaHa.

Tabauys 1
Ne Kpurepii . N
p' P FeomeTtpin Jlo6aueBcbKkoro Feomertpia PimaHa
3/n NOpPIBHAHHA
Mopaenb
1. . MNcespocdepa Coepa
nnaHimerpii pochep bep
2. KpusuHa Crana Bia’eMHa KpuBUHa Crana popaTtHa KpUBKUHA
. Tpu BUNnagKu:
Po3miweHHA P . A
3 DAMAX Ha 1) npami nepeTnHaOTbLCS; OAMH BUNaAoK:
) nJF:o i 2) npami napanenbHi; 1) npAmi nepeTuHalOTbLCA.
H 3) npami po3bixKHi.
4. | OosxXuMHa npamoi HeckiHyeHHa CkinueHna— | =7zr .
Mpama C'C, wo npoxoauts yepes T. A,
Ha3MBaETbCA NapasensHor npamin B'B y
Hanpamky B'B, akwo no-nepuwe, npama C'C
O3HayeHHA , ,
He nepetuHae npamy B'B, no-gpyre, C'C e
5. napanenbHux . Hemae napanenbHux npammx
MpAMMX MEKOBOI0 Y NMYYKY NPAMMUX 3 LLEHTPOM B TOYLLi
A, T06T0 KOXeH npomiHb AE, wo npoxoautb y
cepeauHi kyta CAD, ne D — 6yap-AKa TouKa
npamoi B'B, nepetnHae npomiHb DB .
Cyma BHYTPILLHiX 3MmiHHa i 3aBXXAM meHwa 180°. . . . .
6. . A 3miHHa i 3aBau 6inblia 180°.
KYTiB TPUKYTHUKA
30BHILLHIN KYT TPUKYTHMKa abo
7 30BHILLHIN RYT 30BHILLUHIN KT TPMKYTHMKa Binblumnii cymm MeHwWwwui, abo aopisHIOE, abo
) TPUKYTHUKA BHYTPILLHIX, HE CYMI}KHWUX 3 HUM. 6inblINIA BHYTPILWHBOIO KyTa, He
CYMIXXHOTO 3 HUM.
Mae micue yeTBepTa 03HaKa
Mae micLie YyeTBepTa 03HAKa PiBHOCTI PiBHOCTI TPUKYTHMKIB: AKLLO KyTH
3 O3HaKu piBHOCTI TPUKYTHUKIB: AKLLO KYyTU OAHOMO TPUKYTHUKA 04HOro TPUKYTHUKA BigNoBiAHO
) TPUKYTHUKIB Bi4NOBIAHO AOPIBHIOOTL KyTam 4pyroro OOPiBHIOKOTb KyTam 4pyroro
TPUKYTHUKA, TO TaKi TPUKYTHMKM PiBHI. TPUKYTHUKA, TO TaKi TPUKYTHUKMU
piBHi
Kono, onucaHe .
HaBK0N0O AOBINBHOFO TPUKYTHMKA
HaBKO/O ICHYIOTb TPMKYTHUKM, HAaBKO/I0 AKX HE MOXKHa
. . MOKHA ONUCaTh Koo, Ta y
9. TPUKYTHUKA, Ta OMUCaTU KOJIO, | TPUKYTHUKM, Y AKI HE MOKHA

KON10, BNUCaHe y
TPUKYTHUK

BMUCaTtu KOJo.

[OOBINbHUIA TPUKYTHUK MOXKHA
BMMUCATH KO/IO
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Ne K
p.wrepll FeomeTpin Jlo6auescbkoro FeomeTpia PimaHa
3/n NOPIBHAHHSA
10 MopibHi Y reomeTpii JlobaueBCcbKOro He icHye noAibHUX Y reomertpii PimaHa He icHye
" | TPUKYTHUKHK TPUKYTHUKIB. noAibHUX TPUKYTHUKIB
1 Cyma KyTiB Cyma KyTiB OMyK/10r0 YOTUPUKYTHUKA MEHLLA Cyma KyTiB onyk/ioro
" | YOTUPMKYTHMKA 360° YOTUPWMKYTHUKA binbwa 360°
. Mnowa TPUKYTHUKA BU3HAYAETLCA
Mnowa TPMKYTHWKA BU3HAYAETbCA Yepes mipu L .
o . yepes mipu Moro KyTiB:
dopmynu gna MNOro KyTiB: S_a 2( B )
=4c (a+p+y—x
12, | 3HaXOMKEHHS S =4c? (7[—0(—,8—7/), ,eB '4 )
naowi o, By _ iwHi
TPUKYTHUKa ae a,py — BHYTPILWHI KYTU TPUKYTHUKA, f;VIKyTHVIKa ;:yTplLu:la;C:
2c, =-2ic,, 2¢, — papjyc eBKnigoBOI chepy. SR
¢ n, £Ce = PaAIVC esKNA0BOT chepy eBK/1igoBOI chepu
A B C
ch—=ch—ch—+
2c, 2c, 2c,
A B C
B C €0S — = C0S — C0S — +
+sh—sh—ocosa, 2c, 2c, 2c,
¢, 2c,
i +sin B sin ¢ cosa
13. TEOpEM? ae A, B, C— cTOpOHU TPUKYTHUKA, 2Ce = _2|Ch, C '
KOCUHYCiB X X ) ’
2 ) ) . hx = e —€ ne A, B, C— cTOpOHM TPUKYTHUKA,
e —pagiyc eskninosoi chepu; SIX = 2
o C. - pagaiyc esknigosoi chepu;
Cchx=8*& O — BHYTPILLHIM KYT TPUKYTHUKA.
O — BHYTPILLHIN KYT TPUKYTHUKA.
Teopema
. A B C
Nicdaropa A B C C0S— = C0S—C0S—
14. ch—=ch—ch— 2c, 2c, 2c,
_ 2c, 2c, 2,
a==
2
A B . . . A . B . .
15, | Teopema sh—:sh— =sina:sin # sin—:sin— =sina :sin 8
CUHyCiB 2c, 2c, ) 2c, 2c,

BuUCHOBKK. MpU HaBYaHHI CTyAeHTIB OCHOBHUX GaKTiB HEeBKNiA0BMUX reomeTpilt JlobayeBcbKoro Ta PimaHa
ONA YHUKHEHHs BigvyTTA «HE3BMYHOCTI», Mepll 3a Bce, HeObXigHO HaBecTU CTyAeHTaM KOHKPETHI NpuKaagu
mozenei, Ha AKUX BUKOHYIOTbCA Ui reometpii. Cepes meToAnyHMX ocobamBoCTelt cnig BUAINUTM 3acTOCYBaHHSA
MEeTOZAiB NOPIBHAHHA | aHANOTiT, BUKOPUCTAHHSA iIHPOPMALIMHUX TEXHO/OTiA HAaBYAHHSA, HABEAEHHS MiXKNpeaMeTHUX
3B’A3KiB HEEBK/iZ0BNX reoMeTpilt 3 Pi3MKOIO Ta aCTPOHOMIELD.
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METHODOLOGICAL FEATURES OF TEACHING LOBACHEVSKI AND RIEMANN GEOMETRIES
Olga Zolota
Ivan Franko Drohobych State Pedagogical University, Ukraine

Abstract. The article considers methodical features of training of students of mathematical specialties
pedagogical universities of the hyperbolic geometry of Lobachevsky and elliptic geometry of Riemann, which are
studied in the course "Projective geometry and foundations of geometry" with the goal of better understanding
prospective teachers ' geometric structure of science in General and the independence of the logical construction of
geometry from the geometric clarity. Given the basic concepts, relationships and models of these geometries.
Analyzed some key facts of non-Euclidean geometries and presents a comparative table of basic claims, which
allows to establish common and distinctive features of these geometries, and, therefore, Euclid's geometry.
Selected methods of comparison and analogy as the most effective teaching methods geometries of Lobachevsky
and Riemann. Proposed use of information technologies to demonstrate various models of non-Euclidean
geometries and comparisons the simplest of concepts, relations and assertions of the geometries of Euclid,
Lobachevsky and Riemann.

Keywords: geometries of Lobachevski and Riemann, models of non-Euclidean geometries, Euclidean
geometry, comparison table.
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