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Abstract. In the paper we consider the distributions of random variables represented by the
alternating Liiroth series (L-expansion). We study Lebesgue structure, topological, met-
ric and fractal properties of these random variables. We prove that random variable with
independent L-symbols has a pure discrete, pure absolutely continuous or pure singu-
larly continuous distribution. We describe topological and metric properties of the spectra
of distributions of random variables as well as properties of their probability distribution
functions.
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Introduction

In 1883 J. Liiroth introduced the sign positive series expansion [4], members of
which are inverse numbers to positive integers. J. Galambos, K. Dajani, C. Kraai-
kamp, C. Ganatsiou and others investigated the Liiroth sign positive expansion.
S. Kalpazidou, A. Knopfmacher, and J. Knopfmacher introduced a Liiroth-type
alternating expansion [2,3]. They proved that for any real number x € (0, 1] there
exists either finite tuple of positive integers (a1, as, ..., a,) or a sequence of pos-
itive integers (an), an = an(x), such that

_ (_l)n—l
te ai +Za1(a1 +1)...ap—1(an—1 + Da, 0.1)

n>2

Moreover, each irrational number has a unique infinite and non-periodic represen-
tation and each rational number has either finite or periodic representation.
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Equality (0.1) is called the alternating Liiroth series representation or Z-expan—
sion for number x. We will write symbolically

_ AL
X = Aalaz...ak...'

Recently the present authors [6] introduced and studied the set of incomplete sums
of the alternating Liiroth series and probability on it.

Let (%) be a sequence of independent random variables taking the values
1,2,...,i,...with probabilities pyg, pok,-- -, Pik, - - - respectively,

Pik >0, pix+ poy+---=1 forallk e N.

This paper is devoted to study of the Lebesgue structure (content of discrete, abso-
lutely continuous and singular components), topological, metric and fractal prop-
erties of the random variable

_ AL
E - Anlr]z...nk...‘

1 Geometry of the L -representation of a real number x € (0, 1]

Definition 1.1. Let (c1, ¢2, . . ., ¢,) be a given tuple of positive integers. The cylin-
der of n-th rank with the base ¢y, c¢3, ..., ¢y is the set
Afwz...cn = {x cx = L(c1,¢2,...,CnyAn+1,An+2 ...), An+i € N, Vi € N}.

Cylinders have the following properties [6]:

(D Aécﬁ = U?il Agl...cni‘
L — L
(2) sup A = inf Acl

C]...sz_lz'V Com—1(+1)° com(i+1)°
(3) The cylinder A{Tl ..c, isahalf-openinterval (/1, 2] if n is odd or half-closed in-

terval [[5, 1) if nis even, where [y = L(cy,...,cn + 1)1 = Z(cl, ce,Cp).
. T T n—o0o
@) diam AL, ., = 1AL .| = seae sy <27 O
(5) Ifdj(a) = d;(b) for j < mand dp(a) > dn(b),thena < b form =2n —1

and a > b form = 2n.

inf AL

— L
Cl...(,’2mi - Sup AC1

(6) Any permutation of Z-symbols in the base of cylinder does not change its
length.

(7) The following equivalence holds:

|A£ ¢ | l(l + 1) Cl---Cml l(l + 1) Cl...Cip 1*
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(8) We have
~ Oo ~
L L
|Ac1...cma| = Z |Acl...cmj|‘
j=a(a+1)
(9) It holds B
L .
|Acl...cm(i+1)| _ 2i
I é...cmi1| i+2

Let (V) be a sequence of subsets of N. The set C [Z (V)] is defined by the
equality

C[Z,(I/,,)]z{x:szZ ,an(x)erCN,nzl,Z,...}.

ajas...ay...

~

Theorem 1.2. The set C[L, (Vy)] is:
(1) a half-interval (0, 1] to within a calculating set if all V,, = N, n € N,
(2) the union of cylinders of rank m if V; = N for j > m,

(3) a nowhere dense set if V,, # N for infinitely many n; moreover, the Lebesgue
measure of the set is defined by the equality

ACIE. 0 =[] [1 - M;—f)]
n=1 n—

where

Fa= U U - U AL Fun=Fii\Fu.

a €VyareVs an€Vy

Proof. Statements (1) and (2) are evident due to the previous theorem and the

equality _ _
CIL.ovwl= U - U AL ..

1€V im€Vm
(3) For any interval (a, b) C (0, 1], it is easy to find a cylinder Ag cp Clab).
Then the interval

(o, p) = int AL where V,, # N and j € N\V,,

ciCkeniCn—1J"

does not contain any point of the set C [Z, (Va)]. So, this set is nowhere dense by
definition.
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The following equality follows from the definition of sets C [Z, (Va)], Fy and
F,, and the continuity of the Lebesgue measure A:

MCILAVa}]) = lim A(Fy)
AFn)  AFn-1) A(F2) A(F1)

= lim . .
n=>00 A(Fy—1) A(FAin—2) A(F1) A(Fo)
i S AR
= lim
woo 1L 3(F )
[e.e] o0 =~
A(Fy A(F
-1 KN (RO ]
AP A(Fn-1)
Corollary 1.3. The set
T L
CIL,V] = {x X =A% a..a,. an(x)eVCN}

is:
(1) a half-interval (0, 1] to within a calculating set, when V = N,

(2) a nowhere dense nonclosed set of zero Lebesgue measure coinciding with its
closure with respect to countable set when V # N,

(3) self-similar if V is a finite set and N-self-similar if V is an infinite set; more-
over, its self-similar (N -self-similar) dimension oy is a solution of the equation

1 X
veV

and

aszsgp{x: > (U(U;H)) =1} if V] =o00. (1.2)

v:Vav<n

2 Structure and properties of the probability distribution function
of the random variable with independent elements of the
alternating Liiroth series

We consider the random variable § = Af“ aoi..s Where (1g) is a sequence of
independent random variables taking the values 1, 2 ...,I,... with probabilities
Pik»> D2k» - -+ » Dik» - - - Tespectively, pirx > 0, p1x + par +--- = 1forall k € N.

The numbers p,,z completely determine the distribution of the random variable £.
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Theorem 2.1. If the random variable & has a uniform distribution on [0, 1], then
the L-symbols ni (k =1,2,...) are independent and identically distributed;
moreover,
P{ j } ! i =1,2
=] = s I =1,2,....
i i +1)
Proof. Since £ has a uniform distribution on [0, 1], we have
(1) P{& =a}=0foranya € [0, 1],

(2) Pi§ e(a,b)y = Pi§cla,b]} = P(la,b]) =b —a.

From property (4) of the cylinders AL ci...c,, it follows that

-Cm

m

1
P(AL )= |AL =[]——.
Cl1...-Cm | Cl.. (,’m| il:[l ci (Ci + 1)

Since the distribution of the random variable 7 is continuous, we get

1

Pin =i} = Plg e aly = PAh) = aF1 = s

and
P{na =i} = P{g e Ajzi} - P(U A]Zi)
j=1 =1
:;m ; (j+1)z(z+1)

1
- i(i+1)j;j(j+1) BRTCE)

Similarly, we have

P{nk+1=i}=P{ U U ak ,kz} S S IaE

J1=1  jg=1 J1=1  jg=1
1 1
— U1+ JkGe+ 1 )

(

Jl—l

Since the last probability does not depend on k and depends only on i, 1 are
identically distributed.
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Let us prove that for any k,/ € N, k < [, random variable 1 does not depend
on the random variable 1; and the following equality holds:

Pim=im=j}=Pm=i}-Pinp=j}

and

Pk =i,m =Jj}

:P{ée
J

"2

jl---jk—lijk+l--~jl—lj}

00 o0 ~
L
E e E |Aj1.--jk—lijk+l”'jl_lj|

T|C8
(@
1 Ce
>

1 o0 o0 o0 1
=i(i+1)j(j+1)2'“ Z_ Z Z SIGEN
J1=1 jr—1=1jk41= Ji—
1
X . . . . .
Uk=1 + Djkr1Uksr + Do i + 1
1 1
= Ping =i} P{m = j}. o

ii+1) J(] + 1)

Theorem 2.2. The random variable & with independent Z—symbols has a discrete
distribution if and only if

I max pjc > 0. (2.1)
k=1
If the distribution is discrete, then the set of atoms of the distribution of the random
variable § consists of a point xo such that pg, (xo)k = MaXm{pmi ) foranyk € N,
and for all points x" € (0, 1) one has pg, (x'yk > 0 and there exists anm € N such
that aj(x") = aj(xo) for j > m.

Proof. The number x is an atom of distribution of the random variable £ if

H Pay (x)k > 0.
k=1

Necessity. Let the random variable & have a discrete distribution and let x be an
atom of distribution. Suppose that the infinite product (2.1) diverges to 0. Then

o (o]
P{§ =x} = 1_[ Pay(x)k = 1_[ mmaXPmk =0,
k=1 k=1
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but this contradicts the fact that x is an atom of distribution. Therefore, this con-
tradiction proves the necessity.

Sufficiency. Let the statement (2.1) hold. Let x’ differ from x¢ for a finite number
of Z-symbols such that p,, (x)x > 0. Then x¢ and all such x’ are atoms of the
distribution of £. Let us prove that the random variable & has a discrete distribution.

Let Dy, be a set of all points x” such that a; (x") = a; (x¢) for j > m. Then

PEEDpy= Y - Y. (l_[ Pag (x")k * 1_[ pak(xo)k)

ar(x’)  am—1(x)

)
= 1_[ Z Pap(x"k l_[ Pay(xo)k = l_[ Pay (xo)k -
k=m

k=1ay(x")
The set D = | J5-_; Dy, is at most countable because it is a countable union of
at most countable sets. Since
{x0}=D1 cDyC---C Dy CDm_H C--y

by the continuity of probability

o0
P{§ e Dy = lim P{§€ Dy} = lim [] pagceo = 1.
k=m
From the properties of the convergent infinite products it follows that the last limit
is equal to 1.
So the countable set D is the support of the distribution of the random vari-
able &, that is, the distribution of £ is discrete. |

Corollary 2.3. The random variable & has a continuous distribution if and only if
the infinite product (2.1) is equal to 0.

Theorem 2.4. A continuous random variable & with independent Z-symbols has
either a pure absolutely continuous or a pure singularly continuous distribution.

Proof. Let § = (81 ...8,) be an ordered tuple of positive integers and let 7' be
a transformation of a point x = L(ay,...,ag,...) such that

Tg'(x) = L(S1...8p,a1, ... dg,...).
It is evident that the point xg = A(Zgl ) having a pure periodic Z-expansion with

period (81 ... 8p) is an invariant point of 7'-transformation.
The Ty'-transformation of the set E is the set of Tg'-images of all x € E, i.e.,

Tg'(E) = {u :u = Ty'(x), where x € E}.
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It is easy to see that
1y — AL
T50:1) = Ay, s,

and T -transformation is the similarity transformation with coefficient

z 1
k= —_—
l.l:ll §i (6 + 1)

It is evident that A[T§' (E)] = kA(E), where A is Lebesgue measure. Therefore
A[T'(E)] and A(E) are equal to zero simultaneously. Let

™E)= |J 17(E). TE) ={]TE).

81,000

We consider the event A = {§€ € T(E)}. The event A is generated by the se-
quence of independent random variables 7, and does not depend on all o-algebras
By, generated by 71, ..., . So, A is residual. Therefore, from the Kolmogorov’s
law of 0 and 1 [5] it follows that P(A) = O or P(A) = 1.

Only one of the two cases is possible:

(1) there exists a set E such that A(E) = 0Oand P{£ € E} > 0;
(2) for an arbitrary set E such that A(E) = 0 we have P{§ € E} = 0.

In the first case the equality A(E) = 0 implies that A(T'(E)) = 0. Therefore, there
is a set T(E) such that A(T(E)) =0 and P{£ € T(E)} = 1. So, £ has a pure
singularly continuous distribution by definition. In the second case the distribu-
tion is pure absolutely continuous by definition. So, the distribution of the random
variable £ is pure. o

Theorem 2.5. The continuous distribution of the random variable & is pure abso-
lutely continuous if and only if

O fan) -

Proof. Let{(Q, Bx, ux)} and {(2x, Br, v )} be sequences of probability spaces
such that

e Qp = N, By is a o-algebra of all subsets of Q,
° /"Lk(m)zpmkv Uk(m) m(m+1)7k€N

where p,,i is an element of the matrix || p; | that determines the distribution of
the random variable £.
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It is evident that pu; < vi for all £ € N. Let us consider the infinite products
of probability spaces

oo o0

(Q.B. ) = [ [(Q. Be.pr).  (2.B.v) = [ (Qx. B vio)-
k=1 k=1

By using Kakutani’s theorem [1], we have u < v if and only if

oo

[T etk vic) > 0.

k=1

[duk
Ptk Vi) =/ d—d‘)k
Q | dv

is the Hellinger integral. In this case

- [tk
[T, a0 = T1(3 25 o

m=1

where

Therefore, from the condition (2.2) it follows that the measure u is absolutely
continuous with respect to the measure v.
Let us consider the mapping f: & — [0; 1] such that

flw) = Ag]...wk... forallw = (w1,...,0k,...) € Q.

For any Borel set E, we define the measures ;* and v* as the image measures
of u and v under f:

WHE) = p(fTHE)., v*(E) = v(fTH(E).

The measure p* coincides with the probabilistic measure P¢ and the measure v*
coincides with the probabilistic measure Py, which is equivalent to the Lebesgue
measure A. From the absolutely continuity of the measure p with respect to the
measure v it follows that the measure u* is absolutely continuous with respect
to the measure v*. Since v* ~ A, from condition (2.2) it follows that the random
variable £ is of pure absolutely continuous distribution. o

Corollary 2.6. The continuous distribution of the random variable & is pure sin-
gularly continuous if and only if

(2 ) =
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Lemma 2.7. At a point x = AZ the probability distribution function Fg

aijaz...ayg...’
of the random variable & is of the following form:

oo k—1
Fe(x) = Bay1 + (ﬂak(x)k I1 Pa_,-(x)j), (2.3)
k=2 j=1

where
Z]O‘iak(x)+l Djks lfk =2m—1,

Z?k:(lx)_l pik.  ifk=2m, meN.

Bay ok =

Proof. By the definition of the probability distribution function of random vari-
able, Fg(x) = P{§ <x}. _
Since for the point x = L(ai(x),az(x),...,ar(x),...) the event {§ < x} is
a union of exclusive events
(& <x}={m>a1(x)}U{m =ai(x),n2 < az(x)}
U--U{m = ai(x).....mak—2 = aok—2(x). Nak—1 > a2k—1(x)}

Uint = a1(x),...,mk—1 = az—1(x), N2k < age(x)}U---,
we have
oo az(x)—1
Fex)= Y pa+ Y. PizPaor
j=ar+1 j=1
00 2k—2
+ot Z Dj2k—1" 1_[ Daj(x)j
J=azk—1(x)+1 Jj=1
as (x)—1 2k—1

+ Z Pj2k * 1_[ Paj(x)j t -
j=1 j=1

9] k—1
=Bawy1 + D (:Bak(x)k I1 paj(x)j)' o
k=2 j=1

Corollary 2.8. The change § in the probability distribution function Fg on the

cylinder Ag“l Co...c, 18 calculated by the formula

— m
8 = 8(A£1C2...Cm) = 1_[ pC,‘i-

i=1
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Corollary 2.9. If p.x = O, then the distribution function F is constant on each
cylinder AL

€1€2...Ck—1C"

Lemma 2.10. [f the probability distribution function F¢ has a derivative (finite or

infinite) at a point xo = Ag‘lazmanm, then

o0
Fi(xo0) = [ [(@i(@i + 1) pa;i)-
i=1
Proof. In fact, if F, E/ (xo) exists, then

Fe(x") — Fe(x' s(A
Flooy= tim DO R0 _ H0s )

x'<xo<x" X" —x’ T n—oo |Aa al
x""—x"—0 Letm
= hm l_[(az(az + 1) pa; i) o

1—1

3 Topological and metric properties of a singular distribution of
the random variable &

Let us recall [5] that there are three types of singular probability distributions
according to topological and metric properties of their spectra. The singular prob-
ability distribution of the random variable is called:

(1) the distribution of Cantor type (or C-type) if its spectrum S¢ is a set of zero
Lebesgue measure,

(2) the distribution of Salem type (or S-type) if its spectrum Sg contains closed
intervals,

(3) the distribution of quasi-Cantor type (or P-type) if its spectrum S is a no-
where dense set of positive Lebesgue measure.

By definition, the spectrum of the distribution of the random variable is a mini-
mal closed support of the distribution. Also the spectrum is a set of growth points
of the probability distribution function.

Lemma 3.1. The spectrum Sg of the distribution of the random variable § is the
closure of the set

Bg = {x X = AL . where pg, (x)n > 0 foralln € N} = C[Z, V)l

aias...ay..
Proof. Generally speaking, the set Bg is not closed. So, to prove the lemma it is
enough to show that B¢ C S¢ and any internal point of the set [0, 1]\ B¢ does not
belong to S¢.
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Let x’ be a point such that p,,(r); > 0 for any j € N. Let us show that x’
belongs to the spectrum Sg.

By definition, the point x’ is a point of growth of the probability distribution
function F% if for any ¢ > 0 the following inequality holds:

Fe(x' 4+ ¢) — Fe(x" —¢&) > 0.

For any & > 0, there exists a cylinder Ag‘l es...c,, Such that
Z / /
Aclcz...cm C (X —& X + 8)
andx’ € AL . Then

Fe(xX' +6)— Fe(x' —e) =8 ((x' —¢, x" +¢)) = S(AZ ) = l_[ Pe;i > 0.

C1C2...Cim
i=1

If the point x” € [0, 1]\ B is not the endpoint of any cylinder and there exists
Pa;(x"); = 0, then from Corollary 2.9 of Lemma 2.7 it follows that x’ belongs to
the interval Ve, ¢,..¢,, = It A¢je,...c,,- FOr € > 0 such that

/ /
(x'—ex"+¢)C Veies.em
we have

Fe(x' + &) — Fe(x' —¢) < 8(AL ) = 0.

C1C2...Cm
Thus x” ¢ Sg. O
Theorem 3.2. The spectrum S of the distribution of the random variable § is:
(1) the closed interval [0, 1] if the matrix || p;i || does not contain zeros,

(2) the union of closed intervals if the matrix || pix|l has zeros only in a finite
number of columns,

(3) a nowhere dense set, and the Lebesgue measure is calculated by the formula

1
RIGES)

oo
A(Sg) = l_[ Wk, where Wy, = Z
k=1 itp,‘k>

keN, @31

if the matrix || p;r || contains zeros in an infinite number of columns.

Proof. Statement (1) is obvious.
(2) Let p;jx > Ofori € N, k > m. Since

- m+n
P{%_ € Af[...cmim+1...im+n} = ( 1_[ pcii) : 1_[ pijj >0

CiiPc;i>0 j=m+1

for any tuple of positive integers (im+1.-...im+n), n € N, we have that F is
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strictly increasing on each cylinder Afl
That is, Sg is the closure of the set

U 2l

CiiPe;i>0

¢,, Such that p¢, g >0,k=1,..., m—1.

(3) From the definition of the spectrum S¢ and Lemma 2.7 it follows that for
any k € N,

Ss n Ag]...ak =g ?f thire exists an m < k such that pg,,m = 0,
# @ if[[j=1 pa;j > 0.
Then
r L
ASo=1- ( S aLie Y iak
ai:Pa;1=0 a1:pa;1>0
a2:p022=0
+ > |A5,...ak|+---)
a1,a2:Pay1Par2>0
a3:pa33=0
=1-M; —Wi My — W WoMz —---
=W —WiMy, —Wi{WoM3 —---
o0
=WW, —WWoM3—--- = l_[ Wk,
k=1
where My =3 ., —o ﬁ =1— W,k eN. o

Corollary 3.3. Spectrum of the distribution of the random variable & is the set of
zero Lebesgue measure if and only if

o0
Z M;, = oo.
k=1

This corollary follows from the theorem on the relation between infinite prod-
ucts and infinite series.

Theorem 3.4. The singular distribution of the random variable & is a singular
distribution:

(1) of C-type if and only if the infinite product (3.1) diverges,
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(2) of S-type if and only if the matrix || p;i || has a finite number of columns con-
taining zeros,

(3) P-type if and only if the infinite product (3.1) converges and the matrix || p; ||
has an infinite number of columns containing zeros.

Proof. Theorem 3.4 is a consequence of Theorem 3.2. In fact, if the matrix || p;z ||
has only a finite number of columns containing zeros, then the spectrum of the
distribution of & is the union of closed intervals and the distribution is of S-type.
If the matrix || p;x|| has an infinite number of such columns, then the spectrum
is a nowhere dense set. Moreover, the spectrum is a set of zero Lebesgue mea-
sure if the infinite product in (3.1) diverges to zero. So, £ has the distribution of
C-type. The spectrum is a set of positive Lebesgue measure if the infinite product
in (3.1) converges. So, £ has the distribution of P-type. Since these conditions are
incompatible, this proves the theorem. |

4 Distributions of random variables with identically distributed

L -symbols
Let & = A;Iilﬂz---flk--- be a random variable such that the Z—symbols Nk are in-
dependent and identically distributed, i.e., P{nx =i} = p;x = pi. Then in the
formula of the probability distribution function we have

Z}?iak(x)—{—l Pjs ifk =2m—1,

YUy itk =2m.meN

Bay ok = Bay(x) =

From Theorems 2.1 and 2.2 follows that the distribution of the random vari-
able &y is a degenerate distribution (discrete distribution with a single atom) if
max; p; = 1 or a uniform distribution if p; = for all i € N or a singular
continuous distribution in other cases.

Thus singularity dominates in the studied class of distributions of random vari-
ables.

_1
ii+1)

Lemma 4.1. The graph T of the probability distribution function is an N-self-
affine set of the space R? and

o0
r=Jam), (4.1)
i=1
where

X =430t 1
: @+ () N g; F:C»(—;~. 4.2
Qi y’=pi(1—y)+ﬂi, @i (F) Ngi4+1(T) i i1 Bi 4.2)
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Proof. To prove equality (4.1) we firstly show that
(MU U---Ugy(HU---=G CT.
To this end we consider any point M of the graph I"

1— 1
M (x; Fg,(x)) 2 M ( G +x1) + n 1;/3,- + pi(l = Fgo(x))) =¢i(M) eT.

Now we show that I' C G. Let M(x; Fg,(x)) € I'. We consider the number
x1 = AL Since d;(x) € N, we have

ar(x)asz(x)...”
Fé'()(x) = IBi + Pz(l - Ffo(x))

From M (x1; Fg,(x)) € I it follows that

9i(M) = M(x; Fg,(x)) € G.

Equality (4.1) is proved.

Since
i 1 1
00:0) % Cir(Fihimr ). i (i), PN,
i
we have equality (4.2). o

Theorem 4.2. The definite Lebesgue integral of the probability distribution func-
tion Fg, on the closed interval [0, 1] is calculated by the formula

o0 ﬁ,'_
2i=1 7G5

pbi -
2i=17G4D

1
/ Fg,(x)dx = 0 (4.3)
0

Proof. Since the Lebesgue integral has the additive property, we have

1
1 E/ Fe, (x)dx
0

= Z/ [Bi + pi(1— FEo(Ad2d3 L )]dx

i=1

B
_i= i(i+1)+( l(l+1))

(-
_Zz(l—l-l) il(l+1) (i::

Fgo(x)dx)

) -/1 Fe,(x)dx.
0
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Then

- Bi—1
(1+Zl(l+1)) Zl(l-i-l)'
So, we have (4.3). O

Theorem 4.3. The probability distribution function of the random variable &y with
independent identically distributed L-symbols preserves the Hausdorff-Besico-
vitch dimension if and only if p; = mfor anyi € N.

Proof. Necessity. If p; = HES)) +1) foralli € N, then Fg(x) = x. The function Fg(x)
is an identical transformation on (0, 1]. Then the probability distribution function
preserves the Hausdorff—Besicovitch dimension.

Sufficiency. Suppose that the probability distribution function preserves the
Hausdorff—Besicovitch dimension and there exists a j € N such that

1
PTG
Without loss of generality we assume that
1
pj < m 4.4)
Then there exists p,, > m
In fact, if p; < (l}H) fori # j,then
1
1_”’ZI¢§NP’EZ¢25N1(:+1) Y

This contradicts inequality (4.4).
Let us consider p. where j # ¢ # m. Then

1 1

< — >__
pc_c(c+1) pc_c(c—i—l)

We choose two numbers among the numbers p;, pm, pe such that the inequalities
of the same sign hold. Let p; and p; be such numbers.

Let us consider the set C [Z, V] containing only numbers whose Z-symbols be-
longs to the set V' = {[, k}. It is a self-similar fractal. The Hausdorff~Besicovitch
dimension of C [Z, V] coincides with the self-similar dimension and is a solution

of the equation
1 o 1 x
) =1
() + (@)
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The image of this set under the transformation Fg is also self-similar fractal
such that the Hausdorff-Besicovitch dimension is a solution of the equation

pr+pp =1

But it is obvious that these numbers do not coincide. O
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